On the Zp-ranks of tamely ramified Iwasawa modules 

Tsuyoshi Itoh Yasushi Mizusawa Manabu Ozaki 

Abstract. For a prime number p, we denote by koo the cyclotomic Z p -extension of 
a number field k. For a finite set S of prime numbers, we consider the S'-ramified 
Iwasawa module which is the Galois group of the maximal abelian pro-p-extension 
of koo unramihed outside S. This paper treats the case where S does not contain 
p and k is the rational number field or an imaginary quadratic field. In this case, 
, we prove the explicit formulae for the free ranks of the S'-ramified Iwasawa modules 

' as abelian pro-p groups, by using Brumer's p-adic version of Baker's theorem on the 

linear independence of logarithms of algebraic numbers. 

1. Introduction 

(N 

Let p be a prime number, and Qoo the Z p -extension of the rational number field 
f— I ! Q. For a finite extension k/Q, the composition = fcQoo is the cyclotomic Z p - 

extension of k. The Galois group r = GcL^k^/k) is isomorphic to the additive group 
of the ring Z p of p-adic integers. For a finite set S of prime numbers, the S'-ramified 
Iwasawa module Xs^koo) = Gal(L 5 (A; 00 )/A; 00 ) is defined as the Galois group of the 
maximal abelian pro-p-extension Ls{koo) jk^ unramified outside S (and unramified 
at infinite places), on which r acts via the inner automorphisms of Gal{Ls{k 00 )/k). 
Then the complete group ring Z p [[T]] acts on X s (k OQ ) continuously, and X 5 (A; 00 ) is 
finitely generated as a Z p [ [r]} -module. 
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In the case that p G S, the structure of Xsikoo) is relatively well understood. For 
instance, Xs(Qoa) is a finitely generated free Z p -module if p G S (cf. [11] Theorem 
10.5.6, [6] Theorem 3 etc.). On the other hand, the tamely ramified Iwasawa module 
^5(^00) where p (jL S is also one of the main objects in classical Iwasawa theory. In 
particular, the structural invariants of unramified Iwasawa modules A^/cqo) appear 
^ ! in Iwasawa's class number formula (cf. [15J etc.). In this paper, we focus on the 

o5 '■ Zp-rank 

As(^oc) = rank Zp X 5 (fc 00 ) = dim Qp (X 5 (A; 00 ) ® Zp Q p ) 

where Q p denotes the field of p-adic numbers. The relative formulae of A0(/c oo ) for the 
p-extensions of J-fields are well known as the formulae of Riemann-Hurwitz type by 
Iwasawa [6] and Kida [8] [9] . In the case where p = 2 and k is an imaginary quadratic 
field, Ferrero [3] and Kida [7j gave the explicit formulae of X^koo), and Salle [13J gave 
a relative formula between \s{k<x) and \s(Qoo) with its applications in some special 
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cases where As(Q 00 ) = 0. As a generalization of these formulae, we give the formulae 
of Ag(/Coo) in the most basic case where k — Q and also for imaginary quadratic fields 
k. 

For a prime number £ ^ p, we denote by Pi = p Ne the number of places of Qoo 
lying over £. If 2 ^ £ = ±1 (mod p), N# is the largest integer such that £ 2 = 1 
(mod 4p A ^ +1 ). If i = 2 and p = 3, then Pi = 1. We regard "max0 = 0". The main 
results are the following theorems. 

Theorem 1. Let p be a prime number, and S a finite set of prime numbers such that 
p^S. 

(i) Ifp ^ 2, put S' = {£ <E S | £ = 1 (mod p) } and P max = max{ P t \ £ e S' }. 
Then 

As(Qoc) = ]TP,-P max . 

teS' 

(ii) Ifp = 2, put S ± = { t E S | t = ±1 (mod 4) }, P+ ax = max{ P^ | i e S + } 
and¥={P e \ £e S~, P e > P+ ax }. Then 

\s(®oo) = J2 p *- p ^-I2 R 

Remark. For an arbitrary integer A > 0, one can find 5* such that A^Q^) = A. For 
number fields k with prescribed X^k^), refer to jl]. 

Example. If p = 2 and S = {3, 5, 7, 31, 79}, then A 5 (Qoo) = 0. On the other hand, 
the maximal pro-2-extension over Q unramified outside S is an infinite extension (cf. 
[TT] Corollary 10.10.2). This example is analogous to the situation of |10] and p2] 
Corollary 1. 

Theorem 2. Let p be a prime number, and S a finite set of prime numbers such that 
p ^ S. Let k be an imaginary quadratic field. 

(i) Ifp 2, put S' and P max as in Theorem^ and put S" = { £ G S \ £ = — 1 
(mod p), £ is inert in k }. Assume that S' U 5" ^ 0. Then 

A 5 (U = A (A; OO ) + £ P i+ p t- p ™- 5 

ies'us" eeS' 

split in k 

where 5=1 if p = 3 and k = Q(a/— 3), and 5 = otherwise. 

(ii) If p = 2, put P^ax and P as m T/ieorem[Il, and let be the set of odd prime 
numbers ramifying in k. Assume that S U Sk ^ 0. Then 

As(fcoo)=2X>+ E ^-l-^ax-E P ' 

teS 1 ees k \s PeP 
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Remark. If p — 3 and k = Q(v / -3), then ^(k^) = and any £ e S' splits in k. 
The invariants A0(fc oo ) are also computable via the Stickelberger elements (cf., e.g., 
0, [E]). 

In Section 2, we recall some basic facts, and reduce Theorem [TJ and Theorem 
|2] to the finiteness of Xj^Qoo) (Lemma [3]). In Section 3, we prove the finiteness 
of X{£}(Q oc ) as a key theorem (Theorem [3]) by using Brumer's p-adic version [TJ of 
Baker's theorem (cf. [15] Theorem 5.29). Then we also give an application to finite 
fields (Corollary [TJ. In Section 4, we give an upper bound of |X{£}(Qoo)| in a special 
case where p = 3. 

2. Preliminaries 

Put ( n = exp(2iry/—l/n) for each 1 < n G Z. Put B n = Qoo D Q(C2p n + 1 ) which is 
the n-th layer of the Z p -extension Qoo/Q, i.e., the unique subextension of degree p n . 
For a finite extension k/Q such that k fl Qoo = Q, k n = kM n is the n-th layer of the 
cyclotomic Z p -extension k^/k. Then we identify Gd\{k oa /k) with r = Gal(Qoo/Q) 
via the restriction mapping. For the cyclotomic Zp-extension Q(/i p oo) = |J n>1 Q(C P ™) 
of Q(C2p), we take the generator 7 of Gal(Q(/ipoc)/Q(£ 2 p)) such that Q n = (pn q for 
all n, where q = p if p 7^ 2, and q = 4 if p = 2. Then 7 = jIq^ is a generator of 
r = Gal(Qoo/Q). The fixed field of r p " is the n-th layer of the Zp-extension. By 
identifying 7 with 1 + T, we can regard a ZpflTjj-module as a module over the ring 
A = Z p [[T]] of formal power series. 

Let k/Q be a finite extension such that k fl Qoo = Q. Let Ok n be the ring 
of algebraic integers in k n , and E{k n ) = 0% the unit group. For a finite set S of 
prime numbers, Ls(k n ) denotes the maximal abelian pro-p-extension of k n unramified 
outside S. If p S, we denote by A s {k n ) the Sylow p-subgroup of the ray class group 
of k n modulo m = n^es^- 111 particular, A${k n ) is the Sylow p-subgroup of the ideal 
class group of k n . Then we obtain the exact sequence 

E{k n ) ® z Zp -> (O fcn /m) x ® z Zp -> A s {k n ) -» A (fc n ) -> (1) 

for each n. Since Gal(Ls{k n )/k n ) ~ A,s(/c n ) by class field theory, we also obtain the 
exact sequence 

|m£(y ® % Zp lim(O fcn /m) x ® z Z p X 5 (A; 00 ) X (A; OO ) ->• (2) 

of Galois modules by taking the projective limit hm of the sequence ([T]) with respect to 
the norm mappings. Since no prime ideals of k split completely in the cyclotomic Zp- 
extension koo/k, hm(Ofc n / r n) x £8>z Z p is finitely generated as a Z p -module. Therefore, 
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by the theorem of Ferrero and Washington [2] (cf. [T5] Theorem 7.15, Proposition 
13.23), the tamely ramified Iwasawa module Xsik^) is finitely generated as a Z p - 
module if k/Q is abelian. 

For prime numbers £ ^ p, we define the polynomials fe(T) G A as follows: 

{(1 + T) p * - (1 + p) p t :p^ 2, £ = 1 (modp), 
(1 + T) p,_(_1)^ 5 p, :p = 2 , 
1 :^l(modp). 

Lemma 1. For £ ^ p, \\m.(On n / '£) x ®i Z p ~ A/ fg(T) as a A-module. 

Proof. The decomposition field of £ in Qoo/Q is M Ne . Since \(0 M J£) X \ = (£ p "~ Ne - 
l) Pe =1 — 1 (mod p), the claim holds if £ ^ 1 (mod p). 

Suppose that £ = 1 (mod p). Let F be the decomposition field of £ in Q(/i p °°)/Q. 
Then F = Q(C 2 ^+a - Qi +3 ) if P = 2 and £ = -1 (mod 4), and F = Q(C^) 
otherwise. Let £ be a prime ideal of F lying over £, and put I = £ D Ob^ . Then 
(0 B „/£) X ~ n£o 1 (C ) B n /l 7l ) x for n > iV,. Let r/ be a generator of hm(0 B JQ x ®z 
Z p ~ Z p . Then hm(0 Bn /£) x ®z Z p ~ nSo 1 ^( «J^) X ®z is a cyclic A-module 
generated by r\ <-> (r/ , 1, • • • ,1). Let £ 7 * be a prime ideal of F lying over V\ Then 
Qb^/P* ~ F /W* ~ F, and 

(0 Bn /rT ® z Zp ~ (Z[C 9 p.]/£ 7! ) x ® z Zp ~ (C 9P ™ mod£ 71 ) ®z Zp ~ (c, p ») 

for all n > N £ as Gal(Q(/ipco)/F)-modules. Then 7f G Gal(Q(// p0 c)/F) ~ F Pf such 
that TfIqoc = l Pl satisfies Cjn+i = Cp«+i ' if P 7^ 2, and = C^S if p = 2 

and £ = ±1 (mod 4) respectively. Therefore /^(F) annihilates hm(OB„/^) x £S>z Z p . 
Then the homomorphism A/ fi(T) — )■ hm(OB„./l) x ®z Z p : lmod/?(T) i-» r/ is an 
isomorphism, since the both sides are isomorphic to Z p ® p< as Z p -modules. □ 

For the convenience, we give the proof of the following lemma which is well known. 

Lemma 2. £ = h_mF(B n ) ®i Z p ~ A as a A-module. 

Proof. For an abelian extension k/M n , we denote by Nk/m n the norm mapping. Put 

, = { N Q{CpnM (C^ (1+PM/2 (1 - C^)/(l " Cp» + 0) : V± 2, 
U \ C 2 " 2 +2 (l - C 2 5 . +2 )/(l - C**') :p = 2 

where w is a primitive (p — l)-th root of unity in Z p . Then £ n G F(B„) and 
-^B„ +1 /B re £n+i = Cn for all n > 0. For a moment, we suppose that p / 2. Let 
C(Q(C p n+i)) (resp. C(B n )) be the group of circular units of Q(Cp»+ 1 ) (resp. B n ) defined 
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by Sinnott [2]. Then (C P ™+ 1 )C(Q(Cp n + 1 )) * s the group of cyclotomic units of Q(C P "+ 1 ) 
defined in [JS|. Since ^VQ(c p „ + i)/B n Cp™ +1 — 1; Lemma 8.1 (b) and Proposition 8.11 of 
[15] yield that Nq^ „ +1 )/B„C(Q(C P n+1 )) i s generated by one element £ n as a 7i[r/r pn ]- 
module. Since C(B n ) p " 1 C N Q((pn+l) /Mn C '(Q(C P ™+0) C C(B n ) and \E(B n )/C{M n )\ is 
prime to p by Theorem 4.1 and 5.1 of [14], E(M n ) ®z Z p is generated by £ n <8> 1 as a 
Zp[r , /r ,pn ]-module. If p — 2, we have N Kn /q^ n = —1. Then Theorem 8.2 and Propo- 
sition 8.11 of [32] yield that £ n Cg> 1 generates £?(B n ) Cg>z Z 2 as a Z 2 [-r/-r 2n ]-module. 
Therefore £ is a cyclic yl-module. Since the Z p -rank of E(M n ) ®i Jj p is unbounded as 
n — > oo, we have £ ~ A □ 

The main theorems are reduced to the finiteness of XiniQoo) as follows. 

Lemma 3. If Xyy^oo) is finite for any £ ^ p, then both Theorem^ and Theorem^ 
hold. 

Proof. By Lemma [2], £ ~ A. By Lemma [T] and the sequence d2J), we obtain the exact 
sequence 

£/ft{T) ^ lim(0 Bn /£) x ®-l Z P ->• X m (Qoo) 

for each t ^ p. Since the free Z p -modules £ / fe(T) and lim(OB„/l) x ®z Z p have the 
same rank, the finiteness of X^^Q^) yields the injectivity of rj£. Then we obtain the 
injective homomorphisms 

£/ f{T) 0£//<(T) n 0hm(O B J£) x ® Z Z P ^ 01im(O fen /£) x ® z Z p 

te5 ees ees 

where £ is the diagonal mapping, f{T) = lcm{ fg(T) \ £ & S}, and ^ is the natural 
mapping induced from the inclusions B n C k n . 

Since X0(Qoo) = 0, the sequence (T2]) induces the exact sequence 

-> £/ f(T) ^ l^m(0 Bn /£) x ®z Z p X^Qoo) 0. 

By Lemma we have As(Qoo) = X^ 6iS deg^(T) ~ deg/(T). If p ^ 2, then 
E te5 deg/,(T) = E/ eS '^ and /( T ) = (1+T) p ™ - (l+p) p ™. Up = 2, then 
deg fi(T) = Pi for any f 6 5, and 

/(T) = ((1 + T) p — - 5 P — ) JJ((1 + T) p + 5 P ). 

pgr 

Thus we obtain the claims of Theorem [TJ 
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Let Qi be the number of places of k^ lying over £. Put S' = {£&S\£=1 
(mod p) } and S" = {£ £ S \ £ = —1 (mod p), £ is inert in k } even if p = 2. Then 
hjn(Ofe n /£) x ®zZ p is a free Z p -module of rank Qe or if £ G S"US"' or not respectively. 
Let J be a generator of Gal(/coo/Qoo) which acts as the complex conjugation. Put 

= {1} if ( g G" fcoo, and put W = hm(^, gp n) ~ Z p if £ g G k^. Then the natural 
yl [ J]-homomorphism 

r :W -+ 01im(O fen /£) x ® z Z p 

is also injective. Note that hjn_E'(A; n ) ®z Z p ~ W © £ as yl[J]-modules. Recall that 
£ + = (ffi^) o (©%) is an injective yl[J]-homomorphism. By the exact sequence ([2]), 
we obtain the following commutative diagram with exact rows. 

Jm^AvJOzZp — >• 0hm(O fcn /£) x © Z Z P -> -> X (A; OO ) 

I II 

W©£//(T) ^ + 0hm(O fc „/£) x ® z Z p 

teS 

Since J acts on Im^ as ±1 respectively, 2(Im£ + D Im£~) = and hence Im£ + fl 
Im£~ = 0. Therefore £~ + £ + is injective, and hence 

^s(koo) = A0(/coo) + ^2 Qi ~ de S /CO - 5 

ies'us" 

where 5 = rankg W. Suppose that p ^ 2. Then Qi = 2P £ if £ splits in k/Q, and 
Qe = Pi otherwise. Thus we obtain the claim (i) of Theorem [2j Suppose that p = 2. 
Then S" C S' = S. For each £e S,Q e = 2P e if £ G" S k , and Q e = P t otherwise. By 
the formula of Ferrero [3] and Kida [7], we have A0(fc oo ) = — 1 + J2ees k Pe*£ $ = 0- If 
5 = 1, then A0(fcoo) = and Sk = 0- By combining them, we obtain the claim (ii) of 
Theorem [2J This completes the proof of Lemma [3J □ 

3. Proof and corollary 

In this section, we complete the proof of Theorem [T] and Theorem [2J By Lemma 
El it suffices to show the following theorem which is a special case of Theorem [TJ 

Theorem 3. Xm^Qoo) is finite for any £ ^ p. 

In order to prove this theorem, we prepare some lemmas and notations. 

Lemma 4. X{ p ^j(Q oc ) ~ Z p ® p ^ as a Z p -module if 1=1 (mod p). 
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Proof. For a finite place v of B„, we denote by U niV the local unit group of the 
completion of B n at v. Since Leopoldt's conjecture holds for B n , the class field theory 
provides the following commutative diagram with exact rows (cf. arguments of §13.1 

BSD- 

E(M n ) ® Z Z P -> Ilv\p,e U n,v®zZp -> Gal(L W} (B n )/l n ) ^0 

| \, proj. J, restr. 

E(B n )® z Z p Yl v \ p Un,v®zZ P -> Gal(L M (B n )/B n ) ^0 

Note that L {p} (M n ) = Q M and lim Gal(L {p} (B n )/B n ) = 0. By Theorem (11.2.4) 
of [TT| . Urn J7^| p [/^ ®z Z p is a submodule of /l of finite index, and hence hmt n is 
isomorphism. By taking h_m of the above diagram and using snake lemma, we have 

*WQoo) = Gal(L fr/} (Q 00 )/Q 00 ) ~ ^mUv\e u n,v ®z ^ p - K Pl 
as a Z p - module. □ 

Let Q (resp. Q p ) be the algebraic closure of Q (resp. Q p ), and C p the completion 
of Q p . Fix an embedding Q <^-> C p , and let t> p : C p — >• Q U {oo} be the additive p-adic 
valuation such that v p (p) = 1. Let F be the decomposition field of £ in Q(/i p °°)/Q. 
Then G = Gal(F/Q) can be regarded as a quotient of Gal(Q p (/z p °o)/Q p ). Let £ be a 
prime ideal of F lying over £, and h be the class number of F. Then £(p _1 ) h = a(9p 
is a principal ideal of the ring Of of algebraic integers in F generated by some 
a E F x such that v p (a - 1) > 0. Put A = Gal(Q( y u p o )/Q 00 ), and let u : Z\ -»■ Z* 
be the Teichmiiller character satisfying C p „ = C p i <5 ' ) for all 5 G Z\ and n > 1. Put 
e = p-^- ^,5 gZi u;(5)5 _1 G Z p [Z\], and choose e n G Z[A] such that e n = e (mod p n ) for 
each n > 1. Put 



# = Q(/V»)( | n > 1, a G G) C L { ^ } (Q(/Vc)) 

which is a Kummer extension of Q(// p °°). 
Lemma 5. K/Q^ is abelian. 



Proof. Let 5 G Gal(i^/Qoo) be an element such that 5|q( Mp oo) generates A Put 
u; n (5) G Z satisfying cu n (5) = cu(5) (mod p n ). Since <5e n = 5e = oj(6~)e = u n (S)e n 
(mod p n ), there exists some f3 n G Q(/v°) such that ( p ^/a e -' J ) <5 = ( p ^/a e " CT ) Wri(<5) /3 n . 
Let g G Gal(fC/Q(/i p oo)) be an arbitrary element. Then ( p ^/a e " a ) 9 = C p " P Vo^ 
with some z n G Z for each n > 1. Since ( P Vo^) gS = Q iS)Zn ( P Vc^T n(S) Pn = 
( p ^/a ena Y 9 , we have gS = Sg. This implies that i^/Qoo is abelian. □ 
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The p-adic completion of K is the Kummer extension 

K p = Q p (/V°)( p 7a™ | n > 1, a E G ) 
over Qp(/i p °o). Then we obtain the following key lemma. 
Lemma 6. Gal(K p /Q p (/i p oo)) ~ %® Pl - if 1 = 1 (mod p). 

Proof. Let U = {u E Qp(Cg P Jv ^+ 1 ) I %>( M — 1) > 0} be the group of principal local 
units of Q p (( qp N e +i) , which is multiplicatively a Z p [[Gal(Q p (/i p oo)/Q p )]]-module. Since 

F c Q(C 9P jv £+ 1 )) we nave ot e U. 

First, we prove the linearly independence of Kummer generators. Suppose that 
Yli<j£G z ° l°Sp afT = with z a E Z, where log p denotes the p-adic logarithm function. 
Since n<7GG aZCTCr ^ s a ro °^ °f un ity, we have n CT gG £^~ 1 ) /lz<TfT = Of and so z a = 
for all a G G. Therefore log p a CT (a G G) are linearly independent over Q. By the 
Brumer's p-adic version of Baker's theorem ([T5] Theorem 5.29), log a a (a E G) are 
linearly independent over Q (c C p ). For any character \ '■ G — > Q C C p , we have 

E CT eG X(°) lo S P « ff 7^ 0- Since 

det(log p a CTT ") (7iTeG = H Y,x(<r) ^g p a a ^ 

by Lemma 5.26 of [15], then a a (a E G) are linearly independent in U over Z p , and 
hence £7 D ~ Z P [G]. Since £ = 1 (mod p), the restriction mapping — )■ G is 

injective, and hence there is an exact sequence 1 — > A — > G — > FjF Pt — > 1. Then 
we have V = a eZp ^ = a eZp ^- r ^ r ^ ~ Z p ® P|? as a Z p -module, which is the closure of 
V = a e ^ r / r ^ ~ Z® p * mU. 

Now, we show the existence of b such that JJ p " +b nVcV P for all n > 1. For 
sufficiently large c, ?7 pC is a free Z p -module of rank d > Pi. Let u±, ■ ■ ■ ,Udbe the basis 
of U pC as a Z p -module. For each a E G / A ~ P/P p «, (a e<T ) pC = nil***** with some 
a CT) i G Z p . Then the Pgxd matrix A = (a CT) j) CTj j has rank P^, and hence there exists some 
B E GLd(Q p ) such that AB = (E O), where E is the Pg x P^ unit matrix, and O is the 
PeX (d — Pi) zero matrix. There exists sufficiently large b such that all components of 
p b B are p-adic integers. Suppose x = YlaeG / , /i( Q;e ' J ) ZCT 

G f/ p D V. Then (U pC ) p 3 

^ = n, G G/z i ((« e<7 ) pC ) ZCT = Yl^G/A nti ^" Zct and hence (• • • z a ■ ■ ■ )A = (• • • • • • ) 
(mod p n+b ). Since (■ ■ • p b z a ■ ■ - )AB = (• ■ • z a ■ ■ ■ )Ap b B = (• • ■ 0- • • ) (mod p n+b ), we 
have z a = (mod i.e., a; G 'V 9 . Therefore JJ pn+b nVcV P where b does not 
depend on n. 

The inclusions V C Q p (Cq P N e+ 1 ) x c Qp(/V°) X induce the homomorphisms 

>! o i : V ®z Q p /Z p 4 Q p (C, p ^+i) x ®z Q P /Z P A Q p (/i p oo) x ® z Q p /Z p . 
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Suppose Ker i! ^ 0. Then there is some x ®p 1 G Ker i! such that x ^ Q P (C qp N t+ 1 ) xP ■ 
Since Q p (( qp N i+ i, tfx) = Q p (( qp N e+ 2), Kummer theory yields that x = C qpNe +iy p with 
some i and y G Q P (Cq P N e+ 1 ) x > an d hence x <E> p~ x = 0. This is a contradiction. Hence 
</ is injective. Suppose x ® p~ n G Ker/, for x G C V and ra > 1. Then there is 
some u G Q p (( qp N e +i) x such that x = u pn . Since < v p (u p " — 1) = ^f=o 1 — Cp»)> 
we have v p (u — ( pn ) > for some j. Then u p (ii — 1) = v p (u — ( pn + ( p n — 1) > and 
hence u 6 (/ '. Since x = u p " G £/ p ' 1 D V, we have x p £ V . Since the Z-basis of V is 
the Zp-basis of V, x pb G V p " and so x p6 = y pU with some y G V". Then p 6 (x £8>p~ n ) = 
x ph ®p~ n = y pn ®p~ n = y®0 and hence p b Ker t = 0. Since V® Z Q P /Z P ~ (Q p /Z p )® Pf , 
Ker 6 = Ker(V o t) is finite and therefore ImfY o i) ~ Imt ~ (Q p /Z p )® Pi . Since the 
Kummer pairing 



Gal(K p /Q p (fjL p o )) x Im(i' oi)-> /i pDO : (g, t' o l(x ®p n )) \-¥ 




is nondegenetate, we have Gal(ifp/Q p (/i p °o)) ~ Hom(Im t, /x p00 ) ~ Z p ® Pf as Z p - 
modules. □ 

Now we shall prove Theorem [3J 

Proof of Theorem^ Note that X^Q^) = 0. If £ ^ 1 (mod p), X^Q^) = by 
Lemma [T]and the sequence ([2]). In the following, we assume that £ = 1 (mod p). 

Let Z) p (resp. 7 p ) be the decomposition (resp. inertia) subgroup of X^ Pt gy(Q 00 ) at 
the prime lying over p. Let Qoo, p be the p-adic completion of Qoo. Then D p /I p is 
identified with the Galois group of an unramified extension L over Qoo iP . Since L = 
L'Qoo p for a certain unramified extension L'/Q p , r = Gal(Qoo/Q) ~ Gal(Qoo iP /Q p ) 
acts on D p /I p trivially. In particular, T = 7 — 1 annihilates D p /I p . Since ^(Qoo) = 
0, the sequence (J2]) induces the surjective homomorphism hjn(OB n /^) x ®z ^ P — > 
X{t}(Q_oo) of yl-modules. By Lemma (TJ fe(T) annihilates X^iy(Q 00 ). Since D p /I p C 
X{ p /}(Qoo)/I P - ^}(Qoo), we have f e (0)(D p /I p ) = and hence D p /I p is finite. 

Assume that p 7^ 2. Then K C Q(/v°)-^{p^}(Qoo) by Lemma and hence we 
obtain the following commutative diagrams. 

X {p ,e } (Qoc) -» GaKKnL^QooVQoo) ~ Gal(tf/Q(/*p«)) 
u u t 

D p -» ^pkni^^CQco) - Gal(if p /Qp(/V°)) 

By Lemma H] and Lemma [6J we have rankz X{p^}(Qoo) = rank^ p -D p . Therefore 
A{ Pi ^}(Qoo)/-Dp is finite. 
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Assume that p = 2. Then K C -^{2,^,00} (Qoo) by Lemma EJ Let D' 2 be the 
decomposition subgroup of Xr 2i £ i0 o}(Qoo) at the prime lying over 2. Then we obtain 
the following commutative diagrams. 

X {2/} (Qoo) «- X {2Aoo} (Q 00 ) -» GaK^/Qoo) D Gal(if/Q(M3«)) 
u u u J 

^2 «- £ 2 -» £> 2 k ^ Gal (^/Qa^co)) 

Since Ker (p is generated by inertia subgroups of infinite primes, 2Ker ip = 0. There- 
fore Lemma H] and Lemma [6] yield that X{2,e}{Q<x>)/D2 is finite. 

Since X{ey(Q 00 )/(D p /I p ) ~ X{ Pi ^(Q 00 )/£)p and are finite, A^Q^) is also 

finite. Thus we complete the proof of Theorem [3j □ 

The proofs of Theorem Q] and Theorem [2] are also completed by Lemma [3j As a 
consequence of Theorem [3J we obtain the following result on finite fields. 

Corollary 1. Let p and £ be odd prime numbers such that £ = 1 (mod p) and £ ^ 1 
(mod p 2 ). Let g n be a generator of the multiplicative group of finite field of order 
£P n . Then 

(1 - g n 'p^ Tr )~p^ Tr ^ 1 

/or all sufficiently large n > 0. 

Proof. Put ti7 n = n+ i)/B n (l ~ Cp n+1 )5 which generates the unique prime ideal of 
B n lying over p as a principal ideal. For each n > 0, we have the isomorphiams 

F*„ ~ (Z[C p n + i]/£) x ~ (0 Bn /£) x : 1 - g n p" +1 M- 1 - C P "+i mod £ ^ w n mod 

where £ is a prime ideal of Q(( p ) lying over £. Put E'(M n ) = Ob u [^] x the group of 
p-units of B n . Let £ n be the cyclotomic unit defined in the proof of Lemma EJ which 
generates E(M n ) ®i 7L V as a /1-module. Since („®1 6 A(w n <g> 1) C £"(B n ) ® z Z p , 
then i?'(B n ) ®j J 7L P is generated by zu n eg) 1 as a yl-module. By the class field theory, 
we obtain the exact sequence 

]poaE'(M n ) ® z Z p -> hm(0 Bn /£) x ®z Z p -> A w (Q 00 )/( J D p // p ) -> 0. 

Since X{^}(Q 00 ) is finite, then hm(za n mod £) ® 1 is nontrivial, and hence ro n p n+1 ^ 1 
(mod £) for all sufficiently large n. This yields the claim. □ 

4. Order of finite Iwasawa module 
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In the case that p / 2, -Xs(Qoo) is finite if and only if \S'\ < 1. In this section, 
we consider the order of X^(Q 00 ) in a special case. 

Put p = 3, and let I be a prime number such that £ = 1 (mod 3) and £ ^ 1 
(mod 9). Let p — (1 — £ 3 ) (resp. £) be a prime ideal of Q(Cs) lying over p (resp. £). 
Since the class number of Q(Cs) is 1 and E(Q(( 3 )) = (£ 6 ) — > (0Q(c 3 )/p 2 ) x is surjective, 
we can choose a generator a of £ = aZ[( 3 ] such that a = 1 (mod p 2 ). 

Proposition 1. Pwi s = Ttq(£ 3 ) m(a) the trace of a. Then m = t>3(4£ — s 2 ) is odd, 

log(4£) , 

and 3 < |X W (Qoo)| = 3^ < v/3 log3 . 

Proof. By Lemma @J X{ P ^}(Q 00 ) ~ Z p and hence X^y^Qoo) is a finite cyclic p-group. 
Since A {i} (Q) ^ 0, we have p < |X m (Qoo)|. Put p = a 1 -- 1 £ Q( / u p oc) xP where 
J is the complex conjugation. Since p = 3, K = Q(/U p o°)( p \//3 | n > 1 ) (resp. 
K p = KQ P ) coincides with the Kummer extension over Q(/i p oo) (resp. Q p (/U p oo)) 
defined in Section 3. Then K = £{ p ^}(Qoo)Q(/V°) by Lemma El Let D p (resp. I p ) 
be the decomposition (resp. inertia) subgroup of Gal(if/Q(/i p °o)) at the prime lying 
over p. Then D p ~ Ga\(K p /Q p (fx p ^)) and (^(Q^l = |Gal(#/Q(^))/7 p |. 

Put r = min{ < n G Z | G Q P (Cp) xP }• Then there exists some x G Q P (Cp) x 
such that p = x pr and x Q p (C P ) xP - Put f/ (n) = {«6 Q P (C P ) | u = 1 mod (1 - Q n }. 
Then [/« = (Q © £/ (2) and /3 G f/( 2 ^ ~ Z p ® 2 . Since < u p (/9 - 1) = v p(( x ~ 

1) + (1 — (ir)), then t> p (x — 1) > 0, i.e., x G C/W. Since U^ P = U^ P , we may assume 
that x G £/( 2 \ and hence r = min{ n > | (3 G f/( 2 ) p }. 

Suppose that x G Q p (/U p o ) xP . Then Q P (C P , ^/a 7 ) = Q P (Cp 2 ) an d hence x = Qy p 
with some i and y G Q P (C P ) X - Since < v p (C,~ l x - 1) = w p (y p -l) = XZ^=o v p(C 3 P y- 1), 
we have y p G t/( 2 ). Hence C p = xy~ p G £A 2 ), i.e., Q = 1. This is a contradiction. 
Therefore x G" Q p (/v») xP ■ This implies that |Gal(K/Q(/i p oo))/Z} p | = p r . 

As in the proof of Theorem [3], let D p (resp. J p ) be the decomposition (resp. inertia) 
subgroup of Xf Pi £}(Qoo) at the prime lying over p. Then D p /I p ~ D p /I p , and we have 
seen that p(D p /I p ) = f e (0)(D p /I p ) = 0. Since Ga\(K p /Q p (( p )) — Z p x Z p is not a 
cyclic pro-p group, the topological commutator subgroup of Gal(K p /Q p (( p )) is con- 
tained in the maximal subgroup of Gal(i^ p /Q p (/i p oo)) ~ Z p . Hence Q p (/v~)("^)/Qp(Cp) 
is abelian. By Lemma El Q p {fJ> p °°){j/x) /Q p is also abelian. The p-adic version of 
Kronecker- Weber theorem yields that Q p (/i p <^)(^/x)/Q p (/U p oo) is a nontrivial unram- 
ified extension. Hence \D P /I P \ = p and therefore l-X^^Qoo)! = p r+1 . 

Since \og p (U^ p ") = p n p 2 = p 2n+2 = \og p (U^ 2n+2 ^ and log p : ->• p 2 is an 
isomorphism, we have U^ P = U^ 2n+2 ^ for any n > 0. Since 

p - 1 = anc i 
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Nq^ 3 yiQ(a — a J ) = A£ — s 2 , we have r = max{ n > | A£ — s 2 = mod p 2n+2 }. Since 

a = — 2 G Q(v /Z 3) 

and a (jL Q, then 4£ — s 2 > and m = v p (4£ — s 2 ) is odd. Hence m = 2r + 3, i.e, 
\X{i}(Qoo)\ = V^- Since 3 m = p m < A£ - s 2 < U, then m < . □ 

In the case that p = 2, we obtain the following. 
Proposition 2. X{ £ y(Q 00 ) = if p = 2 and £ = -1 (mod 4). 

Proof. Since X{£}(Q 00 )/TX{£}(Q 00 ) ~ A^j(Q) = 0, Nakayama's lemma yields that 
X {/} (Qoo)=0. □ 
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